Abstract:-This paper presents a novel theoretical method to analyse the maximal ratio combining (MRC) receivers using BPSK and M-PSK modulation in spatially correlated Rayleigh fading channels, with perfect and imperfect channel knowledge, in terms of antenna array configuration and parameters of scatterer distributions.
Introduction
Maximal ratio combining represents a theoretically optimal combiner over fading channels as a diversity scheme in a communication system. Theoretically, multiple copies of the same information signal are combined so as to maximise the instantaneous SNR at the output [1] . However system designs often assume that the fading is independent across multiple diversity channels. Physical constraints often restrain the use of antenna spacing required for independent fading across multiple antennas [2] . Therefore it is necessary to consider spatial correlation characteristics between the antennas.
Maximal ratio combining (MRC) of correlated fading signals with binary phase-shift keying (BPSK) has first been considered by Pierce and Stein in [3] . MRC of correlated fading signals with PSK modulation has been further considered in [4] - [7] . In [7] results are given for maximal ratio combining for complex Gaussian fading channels with correlated diversity for BPSK in Rician and Rayleigh fading. This paper extends the above work by establishing closed form expressions for performance in terms of the antenna array and scattering environment.
If we do not assume perfect channel knowledge, i.e. the channel coefficients are not known at the receiver, then they must be estimated either by the use of known pilot signals or in a blind manner. This can have a deleterious effect on the performance of MRC. Following from [8] , [9] the physical characteristics of scatterer distributions and the antenna array inputs to the combiner are related to the performance of MRC in such typical scenarios assuming BPSK signalling.
In [10] expressions are given for the spatial correlation of distributions of scatterers which can be applied to various non-isotropic scatterer distributions over multiple antennas. In this paper the spatial correlation formulation in [10] is applied with maximal ratio combining of PSK modulation to typical antenna configurations for 3 to 6 receive antennas in two typical non-isotropic Rayleigh fading environments, and a Rayleigh isotropic scattering scenario.
However, the method developed in this paper can be applied to an arbitrary number of antennas in an arbitrary geometry and for an arbitrary scatterer environment.
We develop a closed form expression for the bit error probability (BEP) for BPSK modulation, related to a generalised correlation function expression for perfect channel knowledge.
Unlike the previous formulation, [3] , [7] , the closed form expression for the BEP allows for non-distinct eigenvalues in the covariance matrix of the channel gains. This is expanded to a closed form expression for the probability of symbol error (SEP) for M-PSK modulation where there may be non-distinct eigenvalues in the covariance matrix of the fading gains.
In recent work a closed form expression for the BEP is derived for BPSK signalling and imperfect channel knowledge with distinct eigenvalues in the covariance matrix [8] . However, for the case of non-distinct eigenvalues in the covariance matrix a non-closed form expression 1 is used in [9] .
This paper is organised as follows. The next section describes the system model and provides the relevant spatial correlation formulation for arbitrarily placed antennas. Section 3 describes the bit error probability (BEP) with MRC where the correlation matrix can have distinct or non-distinct eigenvalues for both perfect and imperfect channel knowledge. Section 4 describes the symbol error probability (SEP) of M-PSK modulation with MRC for any given correlation matrix assuming perfect channel knowledge. Section 5 provides analysis of MRC with standard antenna configurations as inputs in various scattering scenarios and Section 6 provides some conclusions.
System Model
Let us consider the operation of a L-branch maximal ratio combiner (MRC) on correlated Rayleigh fading channels. The combiner input from the th branch of a L branch MRC receiver is given by
where g (t) is the complex Gaussian channel gain, u(t) is the transmitted information signal and n (t) is the additive white Gaussian noise (AWGN). Letĝ be the estimate of the channel gain of the th finger andĝ = [ĝ 1 , . . .ĝ L ]. In MRC, the signal received from each decision branch is multiplied by the complex conjugate of the corresponding estimate of channel gain and summed together to give a decision variable.
Let us write the vector of channel gain
Since only a quasi-static analysis is being applied in this paper we discard the time index from this point forward.
Spatial Correlation
In this section we show the connection between the elements of the covariance matrix Σ of the channel gains with the spatial correlation of the signal received at the two branches of the combiner.
Let the th and th antennas be located at points x and x . Then the spatial correlation, between the received signal (without noise) at the th and th antennas are given by
where z = g u . By assuming slow fading, it can be shown that
where γ = γ , for all , is the equal average SNR at the input to each branch, σ 
In physical channel modelling, if the scattering field is restricted to the horizontal plane, the correlation between the received signal at two branches are given, [10] , by
where J m (·) is the mth order Bessel function of the first kind, k = 2π/λ, φ , is the angle of the vector connecting x and x and
where P(φ) is the normalised average power received from the direction φ. Common angular power distributions are the (i) Von Mises, (ii) Laplacian, (iii) Gaussian and (iv) uniform limited azimuth distribution and the corresponding set of C m are derived in [10] . For the Von Mises distribution we have
where I m (κ) represents the modified Bessel function of the first kind, κ is a parameter representing the degree of nonisotropy and φ 0 represents the mean direction. For the Laplacian distribution we have In the remainder of the paper we use (5) and (6) to derive performance analysis expressions in terms of antenna array configuration and parameters of scatterer distributions.
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Bit-Error-Probability (BEP) of BPSK signalling with MRC
For BPSK, let the transmitted data information symbols in (1) be u(t) ∈ {+σ, −σ}.
BEP of BPSK with Perfect Channel Knowledge
Let us consider the case where we have perfect channel-state information. Then the channel estimateĝ = g.
The bit-error-probability (BEP) of the MRC can be given as, [7] 
where [7] , where now we are accounting for a possible multiplicity of eigenvalues,
where m n is the multiplicity of each eigenvalue λ n , such that N n=1 m n = L and, using a result from [12] , the nth residue of multiplicity s, b s,n is
DRAFT where c n = γλ n .
From (9) we then have
We use a result from [11] ,
where
to obtain the following expression for P b ,
When there is independent and identically distributed (i.i.d.) Rayleigh channel fading (14) reduces to [13, eqn (27) ].
We can use (4) and (5) to theoretically construct correlation matrices for different scatterer distributions. After calculation of eigenvalues from the constructed correlation matrix we can use (14) to theoretically evaluate MRC performance against different scatterer distributions and geometries.
BEP of BPSK with MRC and Imperfect Channel Knowledge
In this section, we assume that the receiver does not have perfect channel state information.
The noisy channel estimateĝ is obtained by maximum-likelihood (ML) channel estimation using a block of M pilot symbols u
p . This is given in [14] ;
where as in the previous section n(t) represents AWGN.
The following bit error probability for BPSK is given from the closed form expression derived in [8] assuming distinct eigenvalues in the correlation matrix. The subsequent derivation, which gives a non-closed form expression, [9] , is for the case where there may be non-distinct eigenvalues in the correlation matrix.
If we define
where ⊗ is the Kronecker product, we obtain the 2L eigenvalues, µ , of AK r , where K r = E{r n r H n } is the (2L × 2L) covariance matrix of r n . The decision variable can be expressed as d n = r H n Ar n in hermitian quadratic form. Then, assuming distinct eigenvalues, the bit error probability is obtained from the pdf of d n by integration as
If there are non-distinct eigenvalues, µ , or the eigenvalues are very closely spaced and hence the evaluation of (14) becomes numerically unstable, then the bit error probability (BEP) can be calculated directly from the characteristic function of d n , [9] , as
The eigenvalues, µ , in (17) and (18) can be found from the eigenvalue decomposition of
where as in the previous section Σ = E{gg † }, and
represents the effective pilot-signal-to-noise ratio. Note that if γ p = γ then (18) should be used rather than (17).
Symbol-error-probability of M-PSK with MRC and Perfect Channel Knowledge
The results for the bit-error-probability (BEP) of BPSK for MRC in a Rayleigh fading channel can be extended to the probability of symbol error (SEP) of M-PSK in a Rayleigh fading channel in a straightforward manner. (This is for the assumption of spatial correlation with perfect channel knowledge). Following from [7] , the probability, P s , can be written for M-PSK in a Rayleigh fading channel as,
If there is a possible multiplicity of eigenvalues, then P s can be written as
Using a result from [12] , we obtain the following result for P s
where c n = γ log 2 M.λ n sin 2 π/M , considering that γ is the average SNR per bit on each channel and SEP is being evaluated; b s,n is as defined in (11),
When there is I.I.D. Rayleigh channel fading (23) reduces to [13, eqn (21) ].
MRC with standard antenna configurations
In this section we analyse the performance of some standard antenna configurations as In all analysis we assume Rayleigh fading where the average bit SNR, or data SNR, on each of the L channels is considered to be the same, such that γ = γ, = 1, . . . , L (as stated previously). In addition γ is assumed to be 10 dB except where noted otherwise. there is perfect channel knowledge (thus the pilot SNR is effectively ∞ dB). In these three figures the angle of incidence from broadside is β = 60 o .
Analysis for BPSK signals with perfect channel knowledge
[ Figure for both non-isotropic scatterer distributions at a UCA antenna aperture of 1λ. There is a similar trend of degradation from larger σ a to smaller σ a for Fig. 1 and Fig. 3 .
It is demonstrated in Fig. 1-3 for the non-isotropic scattering scenarios, that even with a large angular spread there is degradation in the BEP when compared to that of a uniform isotropic distribution. The non-uniform improvement in the BEP of the uniform isotropic distribution as the antenna aperture increases, which is most pronounced in Fig. 2 for L = 4, may be attributable to the shape of the zeroth order Bessel function of the first kind correlation model used for this distribution.
The results for the variation of BEP with angular spread in Fig. 1-3 for the non-isotropic scatterer distributions may be directly attributable to a decrease in the spatial correlation.
In [15] a decrease in spatial correlation is shown as antenna spacing and/or angular spread increases for non-isotropic distributions. The small variation of the BEP for the same angular spread is also explained in [15] by the distribution variance dominating correlation, and not the choice of non-isotropic distribution.
The BEP for BPSK, with L = 6 branch MRC using a ULA as input, which has a range of antenna separation (the distance in wavelengths, λ, between adjacent elements of the ULA) is shown in Fig. 4 . Similar trends are displayed as compared with Fig. 1-3 . However there are two noteworthy differences. Firstly, for smaller array sizes, Fig. 4 shows a larger variation in BEP between the non-isotropic scattering scenarios and the uniform scattering scenario. The second difference is a uniform improvement in the BEP where there is a uniform isotropic distribution for the ULA when compared with the UCA.
[ Figure 4 about here.] Fig. 5 shows relative performance of a 4 element UCA and a 4 element ULA over angles of incidence to the MRC inputs averaged over [0, 2π) for varying data SNR, γ . for a Laplacian distribution at the UCA and ULA with an angular spread of 5 o . At smaller data SNR there is virtually no performance variation between the UCA and ULA. However there is a more noteworthy relative improvement in performance of a UCA over a ULA as the adjacent antenna separation gets larger and the data SNR increases.
[ Figure 5 about here.] [ Figure 7 about here.] Fig. 7 illustrates that the performance of the UCA and ULA do not vary significantly over a range of adjacent antenna separation (λ) for the same γ p (note that for a UCA the adjacent antenna separation is the minimum distance between array elements). However performance improvement using a UCA becomes more significant than the improvement using a ULA as the pilot SNR increases and the adjacent antenna separation increases.
Analysis for BPSK signals with imperfect channel knowledge
Like in Fig. 5, Fig. 8 shows the relative performance of a 4 element UCA and a 4 element ULA over angles of incidence to the MRC inputs averaged over [0, 2π) for varying data SNR, γ . In Fig. 8 , the pilot SNR , γ p is fixed at 10 dB, for a Laplacian distribution at the UCA and ULA with an angular spread of 5 o .
[ Figure 8 about here.]
Importantly, this analysis shows a similar trend for Fig. 7 and Fig. 8 of performance improvement, of a UCA relative to the ULA, as the adjacent antenna separation increases.
This trend is demonstrated for increasing pilot SNR in Fig. 7 and for increasing data SNR in Fig. 8 . However, in Fig. 8 the BER performance improvement is clearly less significant as the data SNR is increased. There is a more noticeable performance improvement in Fig.   5 for the case of perfect channel knowledge, γ p = ∞ dB.
This analysis has been applied to a Laplacian distribution but this trend also appears to be applicable to other distributions, such as the Von Mises distribution. Although this trend is only for a small angular spread, σ a , at the array. At significantly larger angular spreads, σ a = 15 o for instance, shown in Fig. 9 , with all other parameters the same as Fig. 7 , there is no noticeable improvement of a UCA over a ULA as pilot SNR increases or as antenna aperture increases.
[ Figure 9 about here.] 
Analysis for M-PSK signals with perfect channel knowledge
Conclusions
A theoretical method is established to evaluate the performance of MRC receivers using BPSK and M-PSK modulation in correlated channels, in terms of antenna array geometry and scatterer distributions. Results of performance analysis for MRC, using PSK modulation in Rayleigh fading channels assuming spatial correlation at the receiver, have also been
presented. This performance analysis accounts for the antenna configuration at the receiver, the size and shape of the configuration, and the distribution of scatterers around the receiver.
The results clearly demonstrate that there is a significant variation in performance when applying BPSK and M-PSK modulation over a range of angular spread for non-isotropic scattering scenarios. There is clear indication of the performance degradation due to spatial correlation at the receiver, dependent upon both the size and shape of the configuration, and whether there is isotropic or non-isotropic scattering in a Rayleigh fading channel.
Some variation in performance, although not large, between a ULA and a UCA is also indicated at small angular spreads for non-isotropic scattering scenarios. For a fixed number of antennas a ULA performs better for smaller array sizes, and a UCA for larger array sizes. This is indicated as the amount of channel knowledge increases for an increase in data SNR, and vice-versa. This trend is not repeated for larger angular spreads however.
The results outlined in this paper give useful insight into aspects of practical implementation of MRC in Rayleigh fading channels with typical antenna configurations and modulation schemes. It is hoped that more understanding of the effects of non-isotropy, antenna shape and size may lead to better implementations of receivers for MRC in Rayleigh fading channels. 
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